Abstract. In this paper we study general transportation problems in R n , in which m different goods are moved simultaneously. The initial and final displacements of the goods are represented by measures µ − , µ + on R n with values in R m . When the measures are finite atomic, a discrete transportation network is a measure T on R n with values in R n×m represented by an oriented graph G in R n whose edges carry multiplicities in R m . The constraint is encoded in the relation div(T ) = µ − − µ + . The cost of the discrete transportation T is obtained integrating on G a very general function C : R m → R of the multiplicity. The proof of the existence of minimizers for arbitrary (possibly diffuse) data (µ − , µ + ) requires an explicit formula for the relaxation, on arbitrary transportation networks, of the functional on graphs defined above. Under additional assumptions on C, we prove the existence of transportation networks with finite cost and the stability of the minimizers with respect to variations of the given data. The proofs of the main results of the paper require notions from the theory of currents with coefficients in a group. In the process, we give details of the proof of a useful result concerning the relaxation of general functionals defined on polyhedral chains with coefficients in groups.
Introduction
In several transportation problems, one may be interested in considering a cost functional which privileges the aggregation of mass particles during the transportation and which prevents diffusion. This automatically produces optimal transportation networks with branched structures. The branching behaviour of optimal transportation systems is evident in many natural phenomena, such as the structure of the nerves of a leaf and the roots of a tree, of river basins and of the bronchial, the cardiovascular, and the nervous system, as well as in several human-designed supply-demand systems, like water and energy distribution or urban planning.
The most popular Eulerian formulation of branched transportation was proposed by Xia in [Xia03] : in this model, a 1-rectifiable vector-valued measure on R n (also called a 1-dimensional rectifiable current) T = T T is considered as a transportation network connecting an initial positive measure µ − to a target positive measure µ + with equal masses. Here, T is a positive Radon measure, which is supported on a 1-rectifiable set E ⊂ R n and is absolutely continuous with respect to the Hausdorff measure H 1 restricted to E, and T is a unit vector field on R n , which is tangent to E at T -almost every point. The condition that T transports µ − onto µ + is encoded in the relation div T = µ − − µ + , generalizing the Kirchhoff circuit laws. At every point x in the ambient space, the direction of the flow of mass through x and the intensity of the flow are represented respectively by T (x) and by the Radon-Nikodým density θ(x) of T with respect to the measure H 1 restricted to E. The cost functional is obtained integrating on E a fractional power α ∈ (0, 1) of the density θ. An equivalent model was proposed by Maddalena, Morel, and Solimini in [MSM03] , who presented a Lagrangian formulation of the problem, in which one traces the trajectory of each mass particle, thus gaining the possibility to introduce stricter types of constraint (see the description of the mailing problem in [BCM09] ).
The model introduced above describes the transportation of a single material. In the present paper, we are interested in the possibility to transport simultaneously m different types of goods or commodities. We want to allow the interaction between different commodities to be independent: aggregating two unit masses of a certain pair of commodities might be more or less convenient than aggregating two unit masses of a different pair. In particular, the cost per unit length of the transportation of a collection of goods will depend not only on the total mass of that collection, but on the actual array whose components represent the masses (and the directions) of each single commodity. An example which justifies our interest is given by the power line communication technology (PLC), which uses the electric power distribution network for data transmission. Even though electricity and data signal can be transported along the same network, they cannot be treated as a single material, for example because the users' concentration and demands are not necessarily proportional.
In analogy with the model proposed by Xia, our given datum is an m-tuple of initial (positive) measures (µ Regarding the cost functional, we consider a quite general function C : R m → [0, ∞), and we use it to define the functional on a special class of measures, which in the language of currents are called 1-dimensional polyhedral chains. These are R n×m -valued measures on R n of the form T = e∈E (G) (τ e ⊗ θ(e)) H 1 e , where:
âĂć E(G) is the set of the (non-overlapping) edges e of a finite graph G ⊂ R n ; âĂć for each e ∈ E(G), τ e ⊗ θ(e) ∈ Mat(n × m) is a constant rank-1 matrix whose columns are of the type θ j (e) τ e (j = 1, . . . , m), with θ j (e) ∈ R and τ e ∈ R n a fixed unit vector orienting e; âĂć H 1 e is the restriction to e of the one-dimensional Hausdorff measure in R n . The cost functional for such a T is simply obtained integrating on G the function C(θ 1 (e), . . . , θ m (e)), with respect to the measure H C(θ 1 (e), . . . , θ m (e))H 1 (e), which is well-defined and lower semi-continuous on the class of polyhedral chains, under minimal assumptions on the function C. Heuristically, C(θ 1 , . . . , θ m ) represents the cost per unit length for the joint transportation of an amount θ 1 of the commodity indexed by 1, together with an amount θ 2 of the commodity indexed by 2, etc... Different signs of the θ j 's encode the possibility to transport the corresponding commodities with two possible orientations along each stretch of the transportation network. The cost functional for a general T is defined via relaxation.
The model presented above for multi-material transport is the natural extension of the discrete model proposed in [MMT17] . We remark that the possibility to describe the transportation of a vector-valued quantity via 1-dimensional currents with coefficients in R m was also proposed in the final comments of [BW18] . This project has received funding from the European Union's Horizon 2020 research and innovation programme under the grant agreement No. 752018 (CuMiN). The first and second named authors have benefited from partial support from GNAMPA. The third named author has been supported by the NSF Grants DMS-1565354, DMS-1361122 and DMS-1262411.
Notation
The standard orthonormal basis of R n is denoted by (e 1 , . . . , e n ), and the coordinates of a vector a ∈ R n with respect to this basis are (a 1 , . . . , a n ); the dual basis is denoted (dx 1 , . . . , dx n ). Given a ∈ R n , b ∈ R m , we denote by a ⊗ b the element of R n×m ∼ Mat(n × m) defined by (a ⊗ b) ij := a i b j . The vector spaces of k-vectors and k-covectors in R n (1 ≤ k ≤ n) are denoted, respectively, by Λ k (R n ) and Λ k (R n ). We shall regard Λ k (R n ) and Λ k (R n ) as normed vector spaces with the mass norm and comass norm respectively (see [Fed69, 1.8 .1]). We write B(x, r) for the open ball of center x ∈ R n and radius r > 0. The symbol |·| will always denote the Euclidean norm in R n , and we will set S n−1 := {x ∈ R n : |x| = 1}. The characteristic function of a set A, taking values 0 and 1, is denoted by ½ A . We denote by M (R n ) the space of signed Radon measures on R n , namely the vector space of real-valued measures on the σ-algebra of Borel sets that are locally finite and inner regular. We denote also by M + (R n ) the subset of positive measures and by P(R n ) the subset of probability measures, i.e. those positive measures µ such that µ(R n ) = 1. Given a normed vector space V with dual V where T ∈ M + (R n ) is the total variation measure of T and T : R n → V is a unit vectorfield. The equality (2.1) means that, for every Borel vectorfield w : R n → V * , it holds
The mass of a measure T ∈ M (R n , V ) is the quantity
M(T ) := T (R n ).
If µ ∈ M (R n ), the negative and positive parts of µ are the positive measures respectively defined by µ − := µ − µ 2 and µ + := µ + µ 2 .
For µ, ν ∈ M + (R n ), we write µ ≤ ν in case µ(A) ≤ ν(A) for every Borel set A. We denote by spt(µ) := {C ⊂ R n : C is closed and µ (R n \ C) = 0}
the support of µ. We say that µ is supported on a Borel set E if µ (R n \ E) = 0. We say that µ is atomic if it is supported on a countable set, and discrete or finite atomic if it is supported on a set of finitely many points. If µ is a Radon measure in R n and f ∈ L 1 loc (R n , (0, ∞) ; µ) then we let f µ denote the Radon measure
In particular, for a measure µ ∈ M (R n ) and a Borel set E ⊂ R n , µ E is the restriction of µ to E, i.e. the measure ½ E µ. We say that two measures µ and ν are mutually singular if there exists a Borel set E such that µ = µ E and ν = ν E c . For a measure µ ∈ M (R n ) and a Borel map
We use L n and H k to denote respectively the n-dimensional Lebesgue measure on R n and the kdimensional Hausdorff measure, see [Sim83] .
Multi-material transport problem
A discrete model for the multi-material transport problem is described in [MMT17] , using 1-dimensional integral currents with coefficients in R m (m being the number of transported commodities). In that paper, the particles are assumed to have integer-valued masses (or, equivalently, integer multiples of a fixed real number). Here we describe a continuous model, obtained via relaxation of a cost functional (similar to that introduced by Gilbert [Gil67] ) defined on discrete transportation networks, which are represented by directed graphs with multiplicities in R m . Although a proper description of the model would require notions from the theory of currents with coefficients in groups, in this section we present the model and we state the main results of the paper using the language of vector-valued measures, in order to make the content of the paper more accessible also to readers who are not familiar with the theory of currents. A drawback of this simplified presentation is the fact that, in the definition of cost functional, we need to use a notion of convergence (called flat-convergence) which is defined for currents and it would not have a natural definition for vector-valued measures. Hence, we will postpone the definition of such convergence to Section 4, where we present a brief summary of the notions from the theory of currents with coefficients in R m that are used through the paper.
where: (i) G ⊂ R n is a finite graph, i.e. a set consisting of a finite union of closed line segments. The collection of all such segments is denoted E(G), and each element e ∈ E(G) is called an edge of the graph G. We will assume that the edges are non-overlapping, i.e. two edges may intersect only at the end-points;
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(ii) for each edge e ∈ E(G), τ e ∈ S n−1 is a fixed orientation of e, and θ(e) := (θ 1 (e), . . . , θ m (e)) ∈ R m . Thus, τ e ⊗ θ(e) is a rank-1 (n × m)-matrix with all columns parallel to e. We will call θ(e) the vector-valued multiplicity associated to e (note that θ(e) is defined up to a sign, given that both τ e and −τ e are suitable orientations for e). Let us call x e and y e the end-points of e, with the convention that y e − x e is a positive multiple of τ e . It is easy to check that the distributional divergence of T satisfies
where we denoted with δ P the Dirac mass at the point P ∈ R n . The latter observation motivates the following definition.
Definition 3.1 (Discrete multi-material flux). Given two discrete vector-valued measures µ − , µ + ∈ M(R n , R m ), and given T ∈ M(R n , R n×m ) a 1-dimensional polyhedral chain in R n with coefficients in R m , we say that T is a discrete multi-material flux between µ − and µ
Observe that a necessary condition for the existence of a discrete multi-material flux between two discrete vector-valued measures µ
The condition is also sufficient, since, given
with vertex 0, namely
, where we denoted τ 
, with compact support, and given T ∈ M(R n , R n×m ), we say that T is a multi-material flux between µ − and µ + if there exist sequences of discrete vector-valued measures µ
. . ) and a sequence of discrete multi-material fluxes T h ∈ M(R n , R n×m ) between µ − h and µ + h , all supported on a common compact set, such that
where the convergence is with respect to the weak- * topology of vector-valued measures.
Observe that a multi-material flux has compact support. Moreover, by the Banach-Steinhaus theorem, it holds sup
Lastly, the continuity of the distributional divergence with respect to the weak- * convergence ensures that div T = µ − − µ + . Again, a necessary and sufficient condition for the existence of a multi-material flux between two compactly supported vector-valued measures µ
In this case, we say that the vector-valued measures µ − and µ + are compatible. To check that the condition is sufficient one should generalize the argument given for the discrete setting, via the so called cone construction (see [Fed69, 4.3 .14]). and multi-material fluxes). In the language of currents (which we introduce in Section 4), every compactly supported one-dimensional normal current T in R n with coefficients in R m having boundary µ + − µ − is a multi-material flux between µ − and µ + : this is a consequence of the polyhedral approximation theorem for normal currents, cf. [Fed69, Theorem 4.2.24]. The non-emptiness of the class of competitors is guaranteed again by the cone construction. In fact, applying [Fed69, Theorem 4.2.24] to every component of T (see Section 4 for the definition of components), one could even guarantee the existence of an approximating sequence T h as in Definition 3.2 satisfying the bounds
In Corollary 5.2 we can also get rid of the constant m in the first estimate above.
Remark 3.4 (Multi-material fluxes as transportation networks). Let ν = ν ν be the difference µ − − µ + . Writing ν in components with respect to the standard basis of R m , one can represent ν via an m-tuple of real-valued measures ν j (j = 1, . . . , m) (the components of ν), where, for j = 1, . . . , m, we denoted
Similarly, a multi-material flux T between µ − and µ + can be represented via an m-tuple of vectorvalued measures T j ∈ M(R n , R n ) (the components of T ) by
Denoting, for j = 1, . . . , m, (ν j ) − and (ν j ) + the negative and the positive part of the real-valued measure ν j respectively, the vector-valued measures T j are "classical" mass-fluxes between the measures (ν j ) − and (ν j ) + as in [BW18, Definition 2.1]. In conclusion, the multi-material flux T can be interpreted as a transportation network which moves simultaneously the mass (ν j ) − of the commodity indexed by j onto the mass (ν j ) + , for every j = 1, . . . , m.
3.2. The cost functional. Generalizing [Xia03] (see also [BW18]), we define a very general multimaterial transportation cost C : R m → [0, ∞), and we define the cost functional (also called energy and therefore denoted E) of a discrete multi-material flux T associated to a finite graph G with multiplicity θ in R m , integrating C(θ) on G with respect to H
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. The cost functional of a general multi-material flux is defined via relaxation. The assumptions on C are the minimal assumptions which guarantee that the relaxed functional coincides with the original one on discrete multi-material fluxes.
We define a partial order on R m as follows: we write η θ if and only if sign(η j ) sign(θ j ) ≥ 0 and |η j | ≤ |θ j |, for every j ∈ 1, . . . , m. Observe that this coincides with the lexicographic order on the positive orthant and with its suitable "reflection" on all other orthants. Points which belong to the interior of distinct orthants are not comparable. (ii) C is lower semi-continuous;
Definition 3.6 (Cost functional). . (i) (Discrete case) Given a discrete multi-material flux T associated to a finite graph G with multiplicity θ in R m , its cost functional (or energy) is the quantity
(ii) (General case) Given two compactly supported, compatible vector-valued measures µ − , µ + ∈ M(R n , R m ) and given T ∈ M(R n , R n×m ) a multi-material flux between µ − and µ + , we define
where T h are discrete multi-material fluxes between µ − h and µ + h , all supported on a common compact set, and F denotes the flat-distance between the associated flat chains (see §4.6).
Remark 3.7 (Comments on the definition). .
(i) (Discrete case) Observe that the energy is well-defined: in particular, since C is even, E does not depend on the orientation chosen on each edge e ∈ E(G). (ii) (General case) We will give a precise definition of flat-distance later. For the moment, we can anticipate that, whenever
it holds
Nevertheless, we remark that the condition F(T h − T ) → 0 does not imply in general that the masses of the T h 's and of the (µ
3.3. Statement of the problem and main existence result. Now we can naturally define the following minimization problem.
Definition 3.8 (Multi-material transport problem). Given a pair of compactly supported, compatible vector-valued measures µ − and µ + ∈ M(R n , R m ), we say that a multi-material flux T ∈ M(R n , R n×m ) between µ − and µ + is a solution of the multi-material transport problem associated to the pair (µ
for every multi-material flux S between µ − and µ + .
In Section 5 we will give an explicit formula to compute the energy of a multi-material flux, the proof of which occupies most of the paper and requires technical tools from the theory of currents with coefficients in groups. This formula plays a crucial role in the proof of the existence of minimizers of the multi-material transport problem (see Section 6). The result is the following.
Theorem 3.9 (Existence of minimizers). Let µ − and µ + ∈ M(R n , R m ) be a pair of compactly supported, compatible vector-valued measures. Then the associated multi-material transport problem admits a solution.
3.4. Stability of minimizers. Once the existence of solutions has been guaranteed, it is natural to ask whether minimizers of multi-material transport problems enjoy a stability property, that is, whether, under suitable assumptions, they converge to minimizers of the limit problem. Such a property is clearly crucial in view of numerical simulations. In particular, it allows us to exploit a calibration technique introduced in [MM16a, MM16b] and extended to the discrete multi-material transport problem in [MMT17] . We begin with the following remark.
Remark 3.10 (Multi-material fluxes with finite energy). Even if the class of competitors is always non-empty, the multi-material transport problem could be trivial: namely, it is possible that there is no multi-material flux between µ − and µ + with finite energy. In this case, we can say that every competitor is a solution. In Section 7, we give a sufficient condition on the multi-material transportation cost C for the problem to be non-trivial, namely for every pair of compactly supported, compatible measures (µ − , µ + ) to admit a competitor with finite energy. Following [BW18], we call such multi-material transportation costs admissible (see Definition 7.1).
Without any assumptions on the cost functional C, stability results for branched transportation problems are not elementary (see e.g. [CDM, CDM18, CDRM18] ) In §7.1 we prove that if the multimaterial transportation cost is admissible then the multi-material transport problem is stable. 
Then, up to subsequences, T h * ⇀ T , where T is a minimizer of the multi-material transport problem associated to the pair (µ − , µ + ).
Currents with coefficients in R m
In this section we define currents with coefficients in R m as the dual of a suitable space of differential forms. Notice that in Appendix A the space of currents with coefficient in a group G is defined in the canonical way as the closure, with respect to the flat norm, of the space of polyhedral chains with coefficients in G. In §4.7, we will briefly comment on the reason why the two definitions are equivalent, when G = R m . When we write classical forms/currents, we refer to forms/currents with coefficients in R as in [Fed69,  Section 4]; a concise exposition, mostly sufficient to our aims, can also be found in [BW18, 2.5]. The main goal of this section is to convey the idea that the properties of a current with coefficients in R m can be studied by applying the results of the classical theory to the m-tuple of its components.
R
m -valued covectors and forms. A map
For every k, the space of R m -valued k-covectors on R n is a normed vector space when endowed with the norm
We can write the action of an R m -valued k-covector as
where, for j = 1, . . . , m, the functions ω j : τ → ω(τ, e j ) are classical k-covectors, called the components of ω.
We say that ω is smooth if every component ω j is a classical smooth differential form. We denote by 
Currents with coefficients in
R m . Let T be a linear functional on D k R m (R n ). The components of T are the linear functionals on D k (R n ) := C ∞ c (R n , Λ k (R n )) defined by T j (ω) := T (ω j ), whereω j is the R m -valued differential k-form on R
Boundary and mass. Let
4.4. Currents with finite mass. To every current T ∈ D R m k (R n ) with finite mass one can associate a finite, Borel measure defined on open sets by
Moreover, by the Riesz representation theorem, every
with finite mass can be represented as
having unit mass norm, henceforth called the orienting k-vector of T , and a unit vectorfield v :
, named the multiplicity of T . From now on we will denote such a T as
Sometimes we will also write T = (τ ⊗ θ)µ where θ does not necessarily have unit norm. In this case, we can compute the mass of T as
4.5. Rectifiable currents with coefficients in R m . Let T be a k-current with finite mass. We say that T is rectifiable, and we write
e. E can be covered, up to an H k -null set, by the images of countably many Lipschitz maps of R k into R n ; (ii) τ is a simple k-vectorfield with |τ (x)| = 1 and τ (x) is orienting the approximate tangent space
. A rectifiable current is called polyhedral if E is a finite union of k-dimensional oriented simplexes and τ, θ are constant on each simplex. The space of polyhedral k-currents with coefficients in R
Flat norm and flat chains with coefficients in
The space of k-dimensional flat chains with coefficients in R . Appendix A will be devoted to recalling the main facts concerning currents with coefficient in G. For the purposes of the present paper, the two approaches may be considered completely equivalent. Indeed, observe first that the classes P
Furthermore, the definition of mass via duality with differential forms as in (4.2) is easily seen to reduce to (A.2) on polyhedral chains; hence, the flat norm on P R m k (R n ) defined above coincides with the flat norm on P
As an immediate consequence, the spaces of flat chains Theorem 4.1. If K ⊂ R n is a compact set, and r ≥ 0, then the set
For a proof of this theorem in the general case of currents with coefficients in groups see [Fle66, Lemma 7 .4].
As we have seen in §4.4, currents with coefficients in R m with finite mass are identified with vector valued measures. Hence, the previous compactness result and the density with respect to the uniform topology of smooth forms in continuous ones guarantees that the weak- * convergence and the flat convergence coincide in a class of normal currents with equi-bounded masses and masses of the boundaries. Observe that in Definition 3.6 (or equivalently (B.2)) no bound on the masses and masses of the boundaries is guaranteed on the sequence of polyhedral chains which are converging to T in the flat norm. Hence, in principle, the functional might not coincide with the lower semi-continuous relaxation made with respect to the weak- * convergence of the vector-valued measures and of their distributional divergences. For all other purposes of the paper we can think of vector-valued measures and currents as being completely equivalent. In particular the results of Section 5 and Appendix B, proved in the language of currents are valid for the functional E defined in Section 3.
Energy functional on spaces of currents with coefficients in R
m . Now that we have developed the terminology, let us rephrase the definition of the functional E in terms of currents with coefficients in R m . We will give the definition for currents of arbitrary dimension k, although the dimensions k = 0 and k = 1 are the only relevant in view of the application to the multi-material transport problem.
Let
and non-overlapping k-dimensional simplexes σ ℓ , then we set
The functional E is extended to 
where:
We will call T rec and T diff the rectifiable part and the diffuse part of T respectively. The decomposition is unique. 
Representation of the energy
The main Theorem of this section is the following:
Theorem 5.1 (Representation theorem). Let C be a multi-material transportation cost as in Definition 3.5, and let E(·) be the associated energy.
where
Formula (5.1) gives an explicit representation of the relaxed energy functional, extending the result in [BW18, Proposition 2.32] to currents with coefficients in R m .
Observe that T diff and T rec = |θ| H 1 E are mutually singular measures. Hence, formula (5.1) can be equivalently written as
Before entering the technical details, let us provide a rough idea of the proof of formula (5.2), in order to motivate the steps that will follow.
(1) First, we will show that, whenever a normal 1-current T with coefficients in R m is decomposed into the sum of a rectifiable and a diffuse part as in Theorem 4.2, then the energy can be accordingly written as the sum of the energies of T rec and T diff . Observe that, since the restriction of a normal current to a Borel measurable set is always a flat chain (cf. [Fed69, p. 368]), we can compute the energies E(T rec ) and E(T diff ) via (4.4). The relevant properties of E, including the key fact that E(T ) = E(T rec ) + E(T diff ), are recorded in Proposition 5.7;
(2) The representation formula for E(T rec ) is obtained as a corollary of a more general result (see Theorem B.1), which is stated and proved in Appendix B in the context of rectifiable currents of any dimension k with coefficients in an arbitrary normed Abelian group G: such a result is obtained by combining classical techniques in Geometric Measure Theory with the powerful integral-geometric identity (cf. Lemma B.5), which, in turn, is available thanks to the rigid geometric structure of rectifiable currents;
(3) The main remaining task is thus the proof of the representation formula for E(T diff ): the main idea here is to first show that the directional derivative
at all directions where it is bounded (cf. Theorem 5.3(5)), and then to use this result in order to decompose T diff in a sum of currents obtained by restricting T diff to T diff -measurable sets where the multiplicity vector v is almost constant. Once that this reduction has been obtained, it suffices to study the functional E on 1-dimensional flat chains with coefficients in R m and finite mass in the simpler case when the multiplicity vector is constant : this analysis is carried out in Proposition 5.16.
We conclude this introductory paragraph by recording here the following interesting corollary of Theorem 5.1.
Proof of Corollary 5.2. It suffices to apply Theorem 5.1 with C(θ) = |θ|. Indeed, the right-hand side of equation (5.3) is precisely the energy E(T ) corresponding to this choice of C. By (5.2), if
The result extends to any 1-dimensional flat chain with finite mass, due to [Fed69, 4.1.17].
5.1. Properties of the multi-material transportation cost. We begin our program by proving the following theorem, which contains a detailed analysis of the properties of multi-material transpostation costs that are needed to prove Theorem 5.1.
Theorem 5.3. Let C : R m → R be a multi-material transportation cost as in Definition 3.5. Then:
(1) the right-derivative of C in the direction v at 0, defined as lim t→0 +
C(tv)
t , and denoted with
is positively 1-homogeneous, even, strictly positive on R m \ {0}, subadditive, and monotone with respect to the partial order on R m defined above; (3) the set V := {v ∈ R m :
∂v (0) < +∞} is a vector subspace of R m , and a basis for V is given by B := {e j :
with estimates:
Proof. The proof of (1) can be found in [Kuc09, Theorem 16.3.3] . In order to apply that theorem, we only need to show that, for every v ∈ R m , it is either lim t→0 + C(tv) = 0 or lim inf t→0 + C(tv) > 0. To prove that for a multi-material cost this is always verified, we simply observe that the function t → C(tv) is non-decreasing for t > 0. Therefore, the limit lim t→0 + C(tv) exists, and, since C is a non-negative function, it is either 0 or positive.
We now prove (2). The fact that the directional derivatives are positively 1-homogeneous functions is due to basic properties of the limit. To simplify the notation, we denote
. f is even since C is so. Its strict positivity is a direct consequence of the strict positivity of C and (5.4). Subadditivity is checked in the following way. Write
Dividing by t and taking the limit we get the desired inequality. Finally, by the monotonicity of C, we also have
Once again passing to the incremental quotients we infer the same inequality for f .
To prove (3) it is sufficient to write every vector v ∈ R m in components as v = m j=1 v j e j and observe that
by subadditivity. Observe that, since f is even, f (sign(v j )e j ) = f (e j ), ∀j ∈ {1, . . . , m}. Therefore, by subadditivity, positive homogeneity and evenness we deduce
(5.6) This inequality proves that span(B) ⊆ V . On the other hand, suppose that v = m j=1 v j e j is such that v ℓ = 0 for some ℓ such that e ℓ / ∈ B. We need to show that
This is a consequence of the monotonicity of f . Indeed, since f is even, we can always suppose that v ℓ is positive, and write
By homogeneity we infer that f (v ℓ e ℓ ) = v ℓ f (e ℓ ) = +∞. We obtain that V = span(B) and we conclude the proof of (3). Conclusion (4) has already been proved with equations (5.6) and (5.7). We will now prove (5). We will let r := dim V and identify V with R r . Consider a sequence {v h } h∈N in V converging to v ∈ V . We prove the continuity of f by proving separately upper and lower semi-continuity. The upper semi-continuity is proved as follows. By subadditivity,
Denote with w h := v h − v. Then, using equation (5.6) and the homogeneity of f , we have:
Since, by (4), f is bounded by a constant L on the sphere of V , we obtain:
Taking the limit as t → 0
and finally
Lower semi-continuity is completely analogous. It suffices to use subadditivity to write, ∀h ∈ N,
and repeat the proof of the upper semi-continuity. We will now prove (6). Since 
By the monotonicity of the cost, we can write
and, by taking the maximum over j,
which evidently implies
On the other hand, since C is lower semi-continuous, the function v → |v| C(v) is upper semi-continuous on every set not containing the origin. Therefore, the inequality in (5.8) holds, with a constant depending on δ and ε, also in B(0, δ) \ B(0, ε). This completes the proof.
5.2.
Properties of the energy functional on flat chains. The main result of this paragraph is Proposition 5.7 below, the proof of which will require two technical lemmas.
e., where W ⊂ R m is a vector subspace generated by r ≤ m elements of the canonical basis of
and
Proof. Let T h be a recovery sequence for E(T ) as in Definition 3.6(ii). Recall that the flat norm of a current with coefficients in R m is comparable with the sum of the flat norms of its components, cf. §4.6. For every h ∈ N, we obtain the polyhedral current P h by simply projecting the multiplicities of T h on the subspace W . Clearly, this procedure does not change the components of T h indexed by those j ∈ {1, . . . , m} such that e j ∈ W , which are the only non-trivial components of T . Hence, P h F-converges to T . Finally, the procedure also does not increase the energy by monotonicity of the multi-material transportation cost C.
Remark 5.6. Note that Lemma 5.5 is a weak version of Corollary 5.3: a posteriori, Theorem 5.1 will upgrade (5.11) to an identity between M(T ) and E(T ) for C(θ) = |θ|, whenever T is a 1-dimensional flat chain with finite mass.
Proof. The inequality E(T ) ≥ M(T ) holds because E(P ) = M(P ) for every polyhedral P , the mass is lower semi-continuous with respect to flat convergence and, by definition, E(·) is the largest lower semi-continuous functional which agrees with the mass on polyhedral currents. We turn now our attention to the inequality E(T ) ≤ m M(T ). By [Fed69, 4.1.17], for every j ∈ {1, . . . , m} and h ∈ N there exists a classical normal current N 
LetT j (resp.N 
At the same time, it holds
Hence, taking the lim inf in h we conclude
Proposition 5.7. Let C be a multi-material transport cost. The associated energy E has the following properties:
(
is the flat chain having T j as the only non-trivial component, then
is a flat chain with finite mass such that v(x) ∈ V T -a.e., where V is the vector space defined in (3) of Theorem 5.3. Then
for some positive constant L depending only on C. (4) If A and B are disjoint Borel sets and T ∈ F R m 1 (R n ) has finite mass, then
In particular, thanks to the considerations leading to (5.2), (5.15) implies
Proof. The proof of (1) is analogous to that of Lemma 5.4, by means of projecting the multiplicities on a polyhedral recovery sequence onto the direction span[e j ]. Concerning (2), observe that the subadditivity of E holds on polyhedral chains simply by the subadditivity of the cost C. The result naturally extends to flat chains by approximation.
Next, we turn to (3). Argue as in the proof of Lemma 5.5 to obtain a recovery sequence of polyhedral currents
Proceeding as in the proof of Lemma 5.4 (applied with E = M), we can assume that v ℓ ∈ V for every ℓ. Then,
Hence, if we denote L := m max v∈S m−1 ∩V ∂ + C ∂v (0), and observe that 0 < L < +∞ by (4) of Theorem 5.3 and by positivity of the cost, we also have
Finally, the proof of (5.15) can be found in [Whi99a, 6.1(3)].
5.3. Preliminary lemmas: 0-dimensional flat chains. In this paragraph we collect some technical results on the energy of flat chains of dimension k = 0: their importance will become apparent in the next subsection, where we use a slicing technique in order to prove analogous results on 1-dimensional flat chains.
We need to introduce the following notation. For x ∈ R n and d > 0 we denote by Q d (x) ⊂ R n the cube centered at x with diameter d, and faces parallel to the coordinate hyperplanes, henceforth called a coordinate cube. Given a coordinate cube Q and a number k ∈ N, we denote Lemma 5.8. Let Q ′ ⊂ R n be a coordinate cube. Let {µ h } h∈N ⊂ M + (R n ) be a countable family of positive measures supported on Q ′ . Then there exists a coordinate cube Q ⊃ Q ′ such that
Proof. Since the statement concerns only sets with measure zero, we can assume that M(µ h ) = 1 for every h. Denote µ := h∈N 2 −h µ h . Let Q ′′ be a coordinate cube such that dist(Q ′ , (R n \ Q ′′ )) ≥ 1. We can assume that the edge length of Q ′′ is an integer number. For every i = 1, . . . , n and k ∈ N we denote H i,k the union of 2 k + 1 hyperplanes, orthogonal to e i , intersecting Q ′′ and partitioning it into 2 k slabs of equal volume. Denote also 
Then, for any Borel set B it holds:
Proof. Fix any Borel set B, and note that, by the uniqueness of the decomposition,
The identity (5.19) immediately follows from Lemma 5.9. We now prove that
Note that, since T diff B = (T B) diff , it is sufficient to prove the result for B = R n . Let Q be a coordinate cube obtained applying Lemma 5.8 to a cube Q ′ containing the support of T and to the sequence of positive measures { T diff , 0, 0, . . .}. For k ≥ 1 and for any cube C of Λ(Q, k) consider the center x C of C, and define
Define the polyhedral current
(5.21)
We claim that (P k ) k≥1 is a Cauchy sequence with respect to the flat distance. Assuming the claim, since P k * ⇀ T diff and the flat limit is unique, we see that T diff is also the flat limit of P k . On the other hand, χ(P k ) =´R n v(x) d T diff (x) for every k ≥ 1. The conclusion follows from the continuity of the augmentation map χ with respect to the flat topology. We are left with the proof of the claim: note that there exists L > 0 such that diam(Q)M(P k ) ≤ L < +∞. Fix a cube C ∈ Λ(Q, k) and, for every h ≥ k, denote by Λ(Q, h) ∩ C the set of cubes D in Λ(Q, h) contained in C. Notice that
having denoted with x D x C the current associated to the segment connecting x D to x C . Summing over all C ∈ Λ(Q, k) we get
By definition of flat distance (and observing that H
), we can estimate
This concludes the proof of the claim, and, therefore, of the lemma.
Lemma 5.11. Let T ∈ F R m 0 (R n ) be a diffuse 0-current with finite mass, compact support, and constant coefficient, i.e. T = v τ T diff , where v is a constant vector 1 in R m with |v| = 1, and τ is a T diff -measurable function with values in {−1, 1}. Then,
Proof. First, proceed as in the proof of Lemma 5.10 to define a polyhedral approximating sequence P k for T of the form
where Q is a coordinate cube containing the support of T and with
Since P k F-converges to T as k ↑ ∞, we have
In order to prove the other inequality, let
and set T ± := T E ± . Since T = T diff and τ is T diff -measurable, the sets E ± are Borel measurable, and thus T + and T − are flat chains with finite mass. Furthermore, by Proposition 5.7 (4) (which holds for flat chains of any dimensions), it holds
E(T ) = E(T + ) + E(T − ) .

Now, let R h and S h be two sequences of polyhedral currents
such that, as h → ∞,
If Q ′ is a coordinate cube containing spt(T ), let Q ⊃ Q ′ be such that (5.17) holds for the sequence of measures µ h := R h + S h . Fix ε > 0, and let δ = δ(ε) > 0 be such that
Since the measure T is diffuse, there exists k 0 ∈ N such that, for every k ≥ k 0 , T (C) < δ for every C ∈ Λ(Q, k).
By the choice of Q, for every C ∈ Λ(Q, k) the sequences {R h C} h and {S h C} h satisfy, for h → ∞,
, and E(S h C) → E(T − C) . Hence:
and analogously
Thus, summing the above inequalities over all cubes C ∈ Λ(Q, k) we obtain:
Since ε > 0 was arbitrary, we can now let ε → 0 and conclude the proof.
Preliminary lemmas:
1-dimensional flat chains. The last ingredient to prove Theorem 5.1 is Proposition 5.16 below. The proofs is heavily based on Lemma 5.12, which provides a version of the integral-geometric identity (see Lemma B.5) for 1-dimensional general flat chains (i.e. without assuming rectifiability).
Let us introduce the following notation. With Gr(n, k) we denote the Grassmannian of linear k-dimensional subspaces of R n . The Haar measure on Gr(n, k) is denoted γ n,k : recall that γ n,k (Gr(n, k)) = 1. Finally, if V ∈ Gr(n, k) then p V : R n → V denotes orthogonal projection onto V .
Lemma 5.12. There exists a constant c = c(n) with the following property. Suppose T ∈ F R m 1 (R n ) is a flat chain with finite mass of the form T = (τ ⊗ v) T for a constant unit vector v ∈ R m . Then:
Moreover, the constant is given by c =ˆG r(n,1) | u, v |dγ n,1 (v) , for any arbitrary u ∈ Gr(n, 1) .
Proof. To the current T = τ ⊗ v T , we associate the classical real current T ′ := τ T . As an immediate consequence of the definition of slicing, for every V ∈ Gr(n, 1) we can write
The previous equality yields
Hence, in our hypotheses formula (5.23) is equivalent to the analogous result for classical real currents, the proof of which is contained in [BW18, Proof of Proposition 2.32].
We will also need the following result, which improves the conclusion of Lemma 5.5 when the multiplicity vector is constant on T .
is a flat chain with finite mass and compact support of the form T = τ ⊗ v T with v T -a.e. constant, then
if E(·) is the energy with multimaterial cost C(θ) := |θ|.
Proof. As in the proof of Lemma 5.12, associate to T the classical real flat chain
. Moreover, by Lemma 5.5, we also know that
where we are denoting with E ′ (·) the energy defined as the relaxation of the mass for classical real flat currents, in order to distinguish it from E(·), which is instead defined on currents with coefficients in R m . Also, since E(·) and M(·) coincide on P R m 1 (R n ) and M(·) is lower-semicontinuous with respect to the flat convergence, we have the inequality
M(T ) ≤ E(T )
by definition of relaxation. What remains to prove is that E ′ (T ′ ) ≥ E(T ). By the previous relations, this is enough to conclude the proof of the lemma. To prove this last inequality, consider
By direct computation, one can check the following properties of this operation:
Now, use the fact that {Q h } h is a Cauchy sequence in the flat norm. If we fix an ε > 0, there is ā h ∈ N such that, if h 1 ≥h and h 2 ≥h, then
) ≤ ε and M(S h1,h2 ) ≤ ε. Now write
to argue that also {P h } h is a Cauchy sequence in P R m 1 (R n ). Exploiting the fact that Q h → T ′ in flat, we are able to prove that P h weak-* converges to T . This suffices to conclude, since then P h converges to T in the flat norm. Write
Then, ∀ω ∈ D 1 R m (R n ) with components ω j , j = {1, . . . , m}, we have:
Since Q h converges in the flat norm to T ′ , it also weak* converges to the same current. Therefore:
Remark 5.14. As a by-product of the proof of the previous Lemma, for any flat chain
with finite mass and T -a.e. constant multiplicity vector v, there exists a sequence of polyhedral currents
The last ingredient needed for the proof of Proposition 5.16 is an integral-geometric identity for general cost functionals, which is stated and proved in Appendix B in the general framework of kdimensional rectifiable G-currents; see Lemma B.5 For the sake of clarity, we state here the result in the form we are going to need, for 1-dimensional polyhedral currents with coefficients in R where c = c(n) is the constant of Lemma 5.12.
Proof. We first show the inequality
it is clear that
from which (5.27) readily follows. To prove the opposite inequality, pick a sequence
Denote, as usual, T rec := τ ⊗ θ H 1 E and T diff := τ ⊗ v T diff , and set µ := T diff . As already observed, it is sufficient to prove separately that
Formula (5.28) will be proved in Theorem B.1. Here, instead, we show the validity of (5.29). Therefore, we will suppose without loss of generality that T = T diff . First of all, let us denote with V the vector subspace V = {v ∈ R m :
∂v (0) < +∞} as in Theorem 5.3. Its dimension will be denoted with r := dim(V ), and without loss of generality we will suppose that it is generated by {e 1 , . . . , e r }, where {e 1 , . . . , e m } is an orthonormal basis for R m . First, we observe that, if there exists a µ-measurable set A ⊂ R n with µ(A) > 0 such that
To prove this, write v(x) = m j=1 v j (x)e j . The existence of such a set A implies that there exist a µ-measurable set B ⊂ A with µ(B) > 0, an index ℓ ∈ {r + 1, . . . , m}, and a number ε 0 > 0 such that |v ℓ (x)| > ε 0 for µ-almost every x ∈ B. By Proposition 5.7, denoting T ℓ the flat chain having the ℓ th component of T as the only non-trivial component we have
. On the other hand, we may write
so that Proposition 5.16 implies
since ℓ was in the set of those indexes i such that
At the same time, we infer, using (5.7):ˆR
With this, we have proved that the representation (5.1) is true as soon as T diff has the property (5.30). This allows us to only consider those T diff for which v(x) ∈ V for µ-a.e. x. Observe that if r = 1, the thesis has already been proved in Proposition 5.16, so let us suppose r > 1.
First of all, since v
is continuous, then it is uniformly continuous. Therefore, fix any ε > 0, and consider δ = δ(ε) > 0 such that
We can suppose that δ ≤ ε.
and every A i has the property that
Using the properties in (5.31), we can write T = N i=1 T A i . Hence, by Proposition 5.7
Define, for i ∈ {1, . . . , N }, the current S i := τ ⊗ v i µ A i . We have:
Hence, by the inequality (5.14)
. We use Equation (5.33) to write
At the same time, we can use Equation (5.26) to write
and simply use the dominated convergence theorem to deduce that
and hence conclude the proof of the Theorem.
By Property (ii) of Definition 3.5, we have the following immediate consequence of Theorem 5.1. We use the partial order on R m defined in the discussion before Definition 3.5.
Corollary 5.17. Let T = (τ ⊗ v) T andT = (τ ⊗ṽ) T be normal 1-currents with coefficients in R m such thatṽ(x) v(x) for T -a.e. x. Then E(T ) ≤ E(T ).
Proof of the existence theorem 3.9
Since we know that (by definition) the energy E is lower semi-continuous with respect to the convergence in flat norm, we just need to embed the minimization problem in a class of 1-currents with coefficients in R m which is compact with respect to the topology induced by the flat norm. Let {T h } h∈N be a sequence of multi-material fluxes between µ − and µ + which is minimizing for the energy E. The sequence T h consists of normal 1-currents with coefficients in R m having a common boundary. Moreover, we can assume that the currents T h are all supported on a common compact set (because the push-forward with respect to the closest-point projection from R n onto a convex compact set containing the support of µ − − µ + does not increase the energy E). Nevertheless, the (finite) masses of the T h might in principle be unbounded along the sequence. We will prove that one can perform an operation on each T h (which roughly speaking consists in removing all its cycles) which preserves the boundary and does not increase the energy. Moreover the modified currentsT h satisfy
This bound recasts the problem in a compact regime, hence the minimality of each element of the (non-empty) class of subsequential limits of {T h } h∈N is guaranteed by direct methods.
6.1. Removing cycles. Let T ∈ N 1 (R n ) be a (classical) 1-dimensional normal current. We say that S ∈ N 1 (R n ) is a cycle contained in T if ∂S = 0 and
We say that T is acyclic if there is no non-zero cycle contained in T . By [PS12, Proposition 3.8] one can identify the largest cycle contained in a normal current T , i.e. a cycle S contained in T such thatT := T − S is acyclic. We will callT the acyclic part of T . Firstly, we observe that, by (6.1), if T = T T , with unit orientation T , thenT can be written as
where λ : R n → [0, 1] is a measurable function. The existence of minimizers for the multi-material transport problem is a consequence of the following observation.
Lemma 6.1. Let T be an acyclic normal 1-current, and let R = τ θH 1 E ∈ R 1 (R n ) be its rectifiable part, according to Theorem 4.2. Then |θ(
Proof. Without loss of generality, write T = τ (|θ|H 1 E + µ), where τ is unitary and µ(E ′ ) = 0 for every 1-rectifiable set E ′ . The proof is a small variation of the proof of Prop. 3.6 (2) of [CDRM18] . We refer to that paper for the relevant notation. We just recall that we denote by π a positive measure on the space Lip of Lipschitz curves such that 2M(π) = M(∂T ). We compute, for every smooth compactly supported test function φ :
where ν is a measure which is supported on R n \ E. The equality implies that
which concludes the proof.
Proof of Theorem 3.9. In this proof we will implicitly identify vector-valued measures T = T T ∈ M(R n , R n×m ) and µ = µ µ ∈ M(R n , R m ) with 1-dimensional and 0-dimensional currents with coefficients in R m and finite mass, respectively. Similarly, recalling the notation of Remark 3.4, for j = 1, . . . , m, a component T j = T j T j ∈ M(R n , R n ) of T and a component µ j = µ j µ j ∈ M(R n ) of µ are identified respectively with a (classical) 1-dimensional and 0-dimensional current of finite mass.
Let T = (ξ ⊗ v) T ∈ M(R n , R n×m ) be a multi-material flux between µ − and µ + , whose components are (T 1 , . . . , T m ). Observe that, for j = 1, . . . , m we can write
where (v 1 , . . . , v m ) are the components of v ∈ R m . Denote byT 1 , . . . ,T m the acyclic part of each component. By (6.2) we haveT j = (λ j v j ξ) T for some measurable functions λ j : R n → [0, 1]. Hence the vector-valued measureT whose components are theT j 's can be written asT = (ξ ⊗ṽ) T where, for T -a.e. x, it holds 
E(T ) ≤ E(T ).
(6.4)
Let us write T andT according to Theorem 4.2, i.e.
Moreover, by Lemma 6.1, we have that the ratio |θ(x)|/C(θ(x)) can be bounded by max |θ|≤M(µ − −µ + ) |θ|/C(θ) for almost every x ∈ E. Hence
Combining (6.4), (6.5), and (6.6), and using 5.3 (6), we get from Theorem 5.1 that
where the constant C depends only on the quantity M(µ − − µ + ). By the discussion at the beginning of this Section, this implies that one can choose a minimizing sequence {T h } h∈N for E which lies in a compact set (with respect to the topology induced by the flat norm), hence the multi-material transport problem admits a minimizer.
Existence of multi-material fluxes with finite energy and stability
The aim of this section is to identify a class of multi-material transportation costs C : R m → R (that we call admissible) having the property that for any pair of compatible vector-valued measures
We follow the strategy presented in [BW18]. We deduce a stability result for the multi-material transport problem associated to admissible multi-material transportation costs.
Given a function β : [0, ∞) → [0, ∞), we define, for all k ∈ N and n = 1, 2, . . .
We have the following lemma (see [BW18, Lemma 2.15])
Proposition 7.3. Let C : R n → R be an admissible multi-material transport cost. Let µ − , µ + ∈ M(R n , R m ) be a pair of compatible measures with compact support. Then there exists a multi-material flux T between µ − and µ + with E(T ) < ∞.
Proof. Let us denote, as in Remark 3.4, ν := µ + − µ − and ν j its components, for j = 1, . . . , m. We also denote, for every j, (ν j ) − and (ν j ) + respectively the negative and the positive part of ν j , and finally we let ν − and ν + be the vector-valued measures whose components are respectively the (ν j ) − 's and the (ν j ) + 's. Consider a coordinate cube Q obtained by Lemma 5.8 applied to the finite family of measures {(ν j ) ± }.
For every k ∈ N we consider the discrete approximation σ k ± of ν ± subject to the grid Λ(Q, k), namely
where x ℓ are the centres of the cubes Q ℓ ∈ Λ(Q, k) and θ
. The core of the proof is the estimate of the energy for the simplest possible (discrete) multi-material flux between σ 
we observe that 
whereθ j denotes the element of R m whose j-th component coincides with θ j and all other components are zero. By the definition of admissible multi-material transport cost, we have, for j = 1, . . . , m,
then, by concavity of β, we have
Therefore we deduce from (7.2) that
Let us write
for every k; otherwise, by monotonicity of β, we have K(j, k) ≤ 1 for every k. Summing over j = 1, . . . , m, we conclude that, for every N ≤ M ∈ N, it holds 
7.1. Proof of Theorem 3.11. We will actually prove that every subsequential limit T ∞ , with boundary µ 
We will use S to construct a competitor S h for T h (h large enough) such that E(S h ) < E(T h ), which is a contradiction. By the lower semi-continuity of E, for h > h 0 it holds
Let Q be a cube obtained by Lemma 5.8. By (7.3), there exists l ∈ N such that, for every
(subject to the grid Λ(Q, l)) and the measure µ
has norm less than ε on every cube of the grid Λ(Q, l) for every h ≥ h 1 . Since C(θ) → 0 as θ → 0 (which follows from Definition 7.1), the smallness of the multiplicities of (σ
with vertex in the centre of the cube Q satisfies E(C) ≤ δ for ε sufficiently small. The final contradiction is given by the fact that, for h ≥ h 1 , the vector-valued measure 
Appendix A. Currents with coefficients in groups
This and the next appendix are devoted to the proof of the representation formula for the energy of the rectifiable part of a multi-material flux, which formally completes the proof of Theorem 5.1. The result will be here obtained as a particular case of a more general theorem valid in the context of k-dimensional currents with coefficients in a normed Abelian group G; see Theorem B.1. Such a result is concerned with the representation, on rectifiable G-currents, of a class of functionals defined on flat G-chains via relaxation of corresponding energies defined on polyhedral G-chains by integration of cost functions C analogous to that considered in Definition 3.5. The representation formula for the rectifiable part of a multi-material flux simply follows by applying Theorem B.1 with k = 1 and G = R m . Before proceeding, we are going to collect in this Appendix the fundamental notions concerning k-dimensional currents in R n with coefficients in a normed group. For a thorough discussion about this topic, we refer the reader to the seminal paper [Fle66] , as well as to the recent contributions [Whi99a, Whi99b, DPH12, DPH14] .
A.1. Polyhedral chains with coefficients in a normed group. Let G = (G, +) denote an Abelian additive group. A norm on G is any function · : G → R satisfying the following properties:
(i) g ≥ 0 for every g ∈ G, and g = 0 if and only if g = 0 ∈ G; (ii) − g = g for every g ∈ G; (iii) g + h ≤ g + h for every g, h ∈ G. We will assume that there is a well defined norm · on G which makes G a complete metric space with respect to the canonical distance d(g, h) := g − h for g, h ∈ G.
Let K be a convex compact subset of R n . If σ ⊂ K is a k-dimensional oriented simplex, then we denote by σ the classical integral k-current canonically associated with σ.
A k-dimensional polyhedral chain with coefficients in G (or simply a polyhedral G-chain) is a formal finite linear combination
of non-overlapping oriented k-simplexes σ ℓ with coefficients g ℓ ∈ G. The set of k-dimensional polyhedral G-chains in K is a group which will be denoted P G k (K). In particular, an element P ∈ P G 0 (K) is a G-valued discrete measure of the form P = a∈A g(a) a : here, A ⊂ K is a finite set, g(a) ∈ G for every a ∈ A, and the G-valued measure g(a) a is defined by
If P is as in (A.1), then the mass of P is defined by
A.2. Rectifiable currents with coefficients in a normed group. More generally, the group of
where γ ♯ is the push-forward operator associated to the Lipschitz map γ.
It is clear how to extend the mass functional to
is a G-valued atomic measure of the form R = a∈A g(a) a for some countable A ⊂ K, and g(a) ∈ G for every a ∈ A such that M(R) = a∈A g(a) < ∞. The mass M(·) is a norm on the group R
is a unit mass orientation of V and g ∈ G, defined by the equivalence relation (τ, g) ≡ (ξ, h) if and only if (τ = ξ and g = h) or (τ = −ξ and g = −h) .
We introduce the notation θ = τ ⊗ g for the ≡-equivalence class [(τ, g)], since, despite being nonstandard, it is coherent with the one used in the main body of the paper when k = 1 and G = R m . If E ⊂ R n is (countably) k-rectifiable, then a G-valued orientation of E is a H k -measurable choice of an orientation θ(x) for the (H k -a.e. well defined) approximate tangent spaces Tan(E, x). It can be seen that if R ∈ R G k (K) then R is associated with a k-rectifiable set E ⊂ K having an H k -integrable G-orientation defined on it (see [DPH12, Section 3.6]). In this case, we shall write R = E, θ .
A.3. Boundary and flat norm.
then the boundary of P is the (k − 1)-dimensional polyhedral G-chain defined by
where ∂ σ is the classical boundary of σ in the sense of integral currents.
Observe that F(P ) ≤ M(P ) by definition, and that F(∂P ) ≤ F(P ) (note that, as usual, ∂(∂Q) = 0 for every polyhedral Q). 
The boundary operator ∂ :
A.5. Restriction and slicing. We will denote by R U the restriction of a rectifiable R ∈ R Recall that if E ⊂ R n is k-rectifiable, and if f : R n → R p is Lipschitz with p ≤ k, then the set
it is well defined (see [DPH12, Section 3.7] ) the slice of R via f at y, denoted
For these y, the rectifiable G-current R, f, y has supporting set on E ∩ f −1 ({y}), and at H k−p -a.e. x ∈ E ∩f −1 ({y}) the G-orientation of R, f, y at x is ±θ(x), where the ± sign is determined depending on the behaviour of f in a neighborhood of x.
The following formulae involving the operations just introduced will be very useful in the sequel.
Proposition A.1 ([DPH12, Theorems 3.7.1 and 5.2.4]). Suppose that S, T ∈ R G k (K), U is a Borel measurable subset of R n , and f : R n → R p is Lipschitz, with p ≤ k. Then, the following conclusions hold true:
S + T, f, y = S, f, y + T, f, y for a.e. y ∈ R p ; (A.8)
T U, f, y = T, f, y U for a.e. y ∈ R p ; (A.9)
Furthermore, if p = 1 and ∂T is also rectifiable then one has:
T, f, y = ∂(T {f ≤ y}) − (∂T ) {f ≤ y} for a.e. y ∈ R . (A.12)
28
The existence of the augmentation map, stated in Lemma 5.9 in the case of 0-dimensional flat chains with coefficients in R m , holds in fact for k-dimensional flat G-chains: for the sake of completeness and for future reference, we record here the statement. ( a g(a) a ) = a g(a) ;
Appendix B. The representation theorem on rectifiable G-currents Let (G, · ) be a normed Abelian additive group as above. We will consider a cost function C : G → [0, ∞) satisfying the following properties:
(C1) C is even, that is C(−g) = C(g) for every g ∈ G, and furthermore C(g) = 0 if and only if g = 0 ∈ G; (C2) C is lower semi-continuous, namely
Observe that, when G = R m , any cost function as above which, in addition, is monotone nondecreasing is a multi-material transportation cost as in Definition 3.5.
Let now K ⊂ R n be a convex compact set.
for some g ℓ ∈ G and σ ℓ non-overlapping oriented k-simplexes, then we can define the energy of P by setting
Observe that E(P ) = M(P ) with the choice C(g) = g . This definition naturally extends via relaxation to any k-dimensional flat G-chain T , thus allowing to define the functional
The following theorem is the anticipated result concerning the representation of
If R = Σ, θ is associated with the k-rectifiable set Σ and the G-valued orientation θ = τ ⊗ g, then
Remark B.3. Note that, by property (C1), the energy E 0 is well defined on R G k (K), in the sense that the integrand only depends on the G-orientation θ of R, and not on the specific representative (τ, g).
The validity of Theorem B.1 has been first stated by B. White in [Whi99a] , but the proof was only sketched. A self-contained, complete proof of the result when G = R was then proposed in [CDMS17] , and has motivated further research on the topic of functionals on flat chains defined by relaxation (see e.g. the recent paper [CFM18] ). Our extension to the framework of currents with coefficients in arbitrary groups is a suitable modification of the proof in [CDMS17] . The first step consists of showing that the energy E 0 is lower semi-continuous with respect to flat convergence of rectifiable G-currents.
(B.5)
We are going to need the following result, which extends Lemma 5.12 to general cost functions in the context of k-dimensional rectifiable G-currents. Recall the notation for the Grassmannian Gr(n, k), the Haar measure γ n,k and the orthogonal projections p V onto subspaces V ∈ Gr(n, k).
Lemma B.5 (Integral-geometric identity). There exists a constant c = c(n, k) such that for any 
for some c = c(n, k). Indeed, for any Borel set A ⊂ R
Since the previous equality is linear in f , it holds also when f is piecewise constant. Since the measure H k E is σ-finite, the equality can be extended to any measurable function f ∈ L 1 (H k E). The case f / ∈ L 1 (H k E) follows from the Monotone Convergence Theorem via a simple truncation argument. Taking R = E, θ with θ = τ ⊗ g, and applying (B.8) with f (x) = C(g(x)), we deduce that
We observe that the right-hand side coincides with the right-hand side in (B.6), since, for H k -a.e. y ∈ R k , the 0-dimensional current R, p V , y is associated with the set E ∩ p
Proof of Proposition B.4. Let us first assume k = 0. If R = Σ, θ and R h = Σ h .θ h , with θ = τ ⊗ g and θ h = τ h ⊗ g h then we can formally write
where Σ = {x i } i∈N and Σ h = {x h i } h∈N are countable sets, and τ, τ h ∈ {−1, 1}. Fix ε > 0, and let N = N (ε) ∈ N be such that
(B.9)
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By the properties of the cost functions C, for every i ∈ {1, . . . , N } there exists a number
, 1} be such that the balls B(x i , r i ) are mutually disjoint and moreover
Set η 0 := min 1≤i≤N η i and r 0 := min 1≤i≤N r i . We claim the following: there exist h 0 ∈ N and ρ i ∈ r0 2 , r 0 such that
In order to see this, let h 0 ∈ N be such that
Then, by (A.6) there are
Observe that also ∂Z h ∈ R G 0 (K). Hence, for a.e. ρ ∈ r0 2 , r 0 we can use equations (A.7) and (A.12) to write
Since, by the slicing coarea formula (A.11)
it immediately follows that there exists ρ i ∈ r0 2 , r 0 such that
and thus (B.13) implies that for every h ≥ h 0
Invoking Proposition A.2(iii), and denoting χ :
On the other hand, by Proposition A.2(i) we also see that
Together, equations (B.11), (B.16), and (B.17) imply that
By (B.10) and using that the cost function C is even, subadditive and lower semi-continuous (and, thus, countably subadditive), we can therefore conclude that
Summing over i ∈ {1, . . . , N } and using that the balls B(x i , ρ i ) are pairwise disjoint, we obtain that for every h ≥ h 0
Passing to the lim inf as h ↑ ∞ and using the fact that ε was arbitrary, this allows to conclude equation (B.5) when k = 0 in both cases considered in (B.9). Now, we turn our attention to the case k ≥ 1. Without loss of generality, let us assume that
By the slicing coarea formula for the flat norm in [DPH12, Theorem 5.2.1(4)], for every plane V ∈ Gr(n, k) one hasˆR
(B.21)
By integrating equation (B.21) in the variable V ∈ Gr(n, k) with respect to the Haar measure γ n,k on Gr(n, k), and taking the limit as h ↑ ∞, we see that We conclude the proof by applying twice the integral-geometric identity (B.6). Indeed, we easily have:
(B.25)
The second ingredient needed for the proof of Theorem B.1 is the following technical lemma. Here, we shall adopt the following notation. Let R = E, θ be a rectifiable G-current, and let (τ, g) be a representative of the orientation θ. Let also x ∈ E be such that Tan(E, x) exists. Denote π x the affine k-plane π x := x + Tan(E, x) = x + span[τ (x)]. Then, for any r > 0 we will let S x,r be the rectifiable G-current defined by S x,r := π x ∩ B r (x), τ (x) ⊗ g(x) : this is the current supported on the disc π x ∩ B r (x) with orientation τ (x) and constant density g(x) ∈ G. In other words, we may write S x,r = g(x) · π x ∩ B r (x), τ (x), 1 . Lemma B.6. Let R = E, θ be a k-dimensional rectifiable G-current in K. Assume θ = τ ⊗ g, and let µ := g H k E. Then it holds: (B.29)
The conclusion readily follows from the arbitrariness of ε.
Proof of Lemma B.6. Since E is countably k-rectifiable, there exist a set E 0 with H k (E 0 ) = 0, countably many k-dimensional planes Π i ⊂ R h . The due inequality will then follow in a straightforward fashion. As in Lemma B.6, we adopt the notation π x for the affine k-plane x + span[τ (x)] at any point x ∈ E where the approximate tangent plane Tan(E, x) exists, and S x,r for the rectifiable G-current π x ∩ B(x, r), τ (x) ⊗ g(x) = g(x) · π x ∩ B(x, r), τ (x), 1 for r > 0. Note that M(S x,r ) = g(x) ω k r k and E 0 (S x,r ) = C(g(x))ω k r k . Let us also set µ := g H k E , and ν := C(g)H k E . Observe that µ is a positive Radon measure in R n with µ(R n ) = M(R) < ∞, and that ν is finite if and only if E 0 (R) < ∞.
Fix ε > 0. We make the following Claim: There exists a finite family of mutually disjoint balls {B i } N i=1 with B i := B(x i , r i ) ⊂ K being the ball with center x i ∈ E and radius r i > 0, such that the following properties hold: Let us assume the claim for the moment, and show how to conclude the proof of the theorem. From point (iii) we deduce that M(S i ) ≤ (1 + ε)M(R i ) , (B.45) whereas point (iv) implies that if E 0 (R) < ∞ then E 0 (S i ) ≤ (1 + ε)E 0 (R i ) .
(B.46)
Furthermore, by approximating every disc π xi ∩ B i with simplexes we can conclude that there exist currents P i ∈ P G k (K) supported on π xi ∩ B i such that F(S i − P i ) ≤ εµ(B i ), M(P i ) ≤ M(S i ) and E(P i ) ≤ E 0 (S i ) .
(B.47) Set P := N i=1 P i . Since the balls B i are mutually disjoint, we have that Furthermore, we can estimate
(F(P i − S i ) + F(S i − R i ))
(ii),(B.47)
µ(B i ) = ε(1 + 2M(R)) .
(B.50)
This completes the proof of the theorem, provided that we show how to obtain the claim. In order to do this, let us consider the set F of all points x ∈ E such that the following conditions are both satisfied: 
